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LIPSCHITZ CONTINUITY PROPERTIES FOR p-ADIC
SEMI-ALGEBRAIC AND SUBANALYTIC FUNCTIONS
by
Raf Clukers, Georges Comte & François Loeser
Abstrat.  We prove that a (globally) subanalyti funtion f : X ⊂ Qn
p
→ Qp
whih is loally Lipshitz ontinuous with some onstant C is pieewise (globally
on eah piee) Lipshitz ontinuous with possibly some other onstant, where the
piees an be taken subanalyti. We also prove the analogous result for a subanalyti
family of funtions fy : Xy ⊂ Q
n
p
→ Qp depending on p-adi parameters. The
statements also hold in a semi-algebrai set-up and also in a nite eld extension of
Qp. These results are p-adi analogues of results of K. Kurdyka over the real numbers.
To enompass the total disonnetedness of p-adi elds, we need to introdue new
methods adapted to the p-adi situation.
Introdution
In the real setting, a C1-funtion on an interval in R whih has bounded deriva-
tive is automatially Lipshitz ontinuous. Indeed, if f : (a, b) → R satises
|f ′(x)| ≤ C for some C and all x, then, for any c < d in (a, b) one has |f(c)−f(d)| =
|
∫ d
c
f ′(x)dx| ≤ C|c − d|. Suh a result annot hold for general C1-funtions over
the p-adis, beause of total disonnetedness. Indeed, there are easy examples of
loally onstant (hene C1) funtions g : X ⊂ Qp → Qp with X open, for whih
there exists no partition of X into nitely many piees suh that g is Lipshitz on-
tinuous on eah piee (see Example 2.2). Also, there are examples of C1 funtions
g : X ⊂ Qp → Qp, with g
′
identially zero, that are not loally Lipshitz ontinuous
for any onstant C, at an innite number of points (Example 1.5). Suh examples
show that over p-adi elds, the relation between bounds on derivatives and loal
Lipshitz properties may be quite haoti, so in order to be able to obtain signif-
iant results related to pieewise Lipshitz ontinuity, it seems reasonable to limit
the lass of p-adi funtions we onsider to a lass of tame pieewise C1-funtions
where in partiular funtions of this lass an be desribed by nite amounts of
data. In this paper we onsider two suh tame lasses of p-adi sets and funtions:
semi-algebrai sets and funtions on the one hand, and (globally) subanalyti p-
adi sets and funtions on the other hand. Semi-algebrai funtions are a natural
generalization of algebrai funtions on algebrai subsets of Qnp , and subanalyti
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funtions are a further enrihment of semi-algebrai funtions with ertain analyti
funtions. In both frameworks, the funtions are more than pieewise C1: they
are even pieewise (loally) Qp-analyti where the piees are Qp-analyti manifolds
whih are moreover subanalyti (resp. semi-algebrai). In these two frameworks we
obtain several results about pieewise Lipshitz ontinuity for multi-variable fun-
tions g : X ⊂ Qmp → Qp, assuming only loal onditions on g, like for example
boundedness of the partial derivatives. Of ourse, a (loally) Qp-analyti funtion
f : X → Qp on an open set X ⊂ Q
m
p satises the following loal property, f. Lemma
1.3:
if |∂f(x)/∂xi| ≤ 1 for all i = 1, . . . , m and all x, then f is loally Lipshitz
ontinuous with onstant 1.
From this one dedues, f. Proposition 1.4:
Let g : X ⊂ Qmp → Qp be subanalyti (resp. semi-algebrai) and C
1
on
an open X suh that |∂g(x)/∂xi| ≤ 1 for all i = 1, . . . , m. Take any
nite partition of X into subanalyti (resp. semi-algebrai) Qp-analyti
manifolds Xi on whih g is Qp-analyti. Then the restrition of g to Xi
is loally Lipshitz ontinuous with onstant 1 for eah i.
Note that the manifolds Xi are not neessarily open in Q
m
p . This indiates that,
for funtions whose domain is not neessarily open, it may show more onvenient to
work with the ondition of loal Lipshitz ontinuity instead of onditions on partial
derivatives.
Over the reals Kurdyka [16℄ obtains the following result: if a (globally) suban-
alyti funtion f : X ⊂ Rn → R is loally Lipshitz ontinuous for some xed
onstant C, then it is pieewise (globally on the piee) Lipshitz ontinuous with
possibly some other onstant. We prove the following p-adi analogue: if a suban-
alyti funtion g : X ⊂ Qnp → Qp is loally Lipshitz ontinuous with onstant C,
then it is pieewise (globally on the piee) Lipshitz ontinuous for possibly some
other onstant. In both the real and the p-adi setting, the piees an be taken to be
subanalyti, resp. semi-algebrai if f and g are semi-algebrai. In fat, we will prove
this result for a xed nite eld extension K of Qp, and for subanalyti families of
funtions instead of for individual subanalyti funtions.
.  Let us start by explaining the real (globally) subanalyti and semi-algebrai
situation, aording to Kurdyka [16℄, giving a rough sketh of the main arguments
for funtions in up to two variables. The one variable ase beomes trivial by the
mentioned relation between distane and the integral of the derivative one one
notes that any globally subanalyti subset of R is a nite union of points and open
intervals (ompare with o-minimality). For f : X ⊂ R2 → R a globally subanalyti
funtion, Kurdyka proves that X an be partitioned into nitely many piees whih
are o-minimal ells (sometimes alled ylinders), for example of the form
A1 = {(x, y) ∈ (a, b)×R | α(x) < y < β(x)},
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or of the form
A2 = {(x, y) ∈ (a, b)×R | α(x) = y},
where moreover the boundary funtions α and β are (globally) subanalyti or
semi-algebrai and have bounded derivatives. For suh a deomposition in so-alled
L-regular ells to exist, it is important that for eah piee A separately, ane oor-
dinates on R2 are hosen so that A has indeed suh a nie desription (see also [20℄).
Using suh a deomposition into L-regular ells and ane oordinates adapted to
eah ell individually, the Lipshitz ontinuity result follows using a path integral of
the derivative of f along a well hosen path inside the ell, after notiing that any
two points in an L-regular ell an be onneted by a path whose length is not muh
bigger than the distane between the two points it onnets.
.  Over Qp, it seems not possible to follow a strategy similar to Kurdyka's, sine
there is no lear notion of paths onneting two points, let alone of the length of
a path, whih are basi ingredients for Kurdyka's approah over the reals. More
generally speaking, as far as we know there is no lear onnetion between integrals
and distanes between points in Qp. Hene, a new approah had to be devised. Let
us sketh this new approah in the one and the two variable ase. Let g : X ⊂ Qp →
Qp be a subanalyti funtion (globally subanalyti, as always in this paper) whih
is loally Lipshitz ontinuous with onstant C. We know that we an partition X
into nitely many p-adi ells, all of whih are very roughly of a form similar to
A = {t ∈ K | |α| ≤ |t− c| ≤ |β|, t− c ∈ λQm,n},
with onstants n > 0, m > 0, λ ∈ K, and where Qm,n is the set of all p-adi numbers
of the form pna(1+pmx) for some x ∈ Zp and some a ∈ Z (see 3.1 and 3.3 for preise
statements). We all c the enter of A (note that c may lie outside A, whih happens
preisely when λ 6= 0). We dene the balls of the ell A as the olletion of maximal
balls (with respet to inlusion) ontained in A (f. 3.2). It then follows from a
ertain Jaobian property 3.11 that we an selet the ells A in suh a way that
eah ball of A is mapped to either a point or a ball under g. We rene this Jaobian
property so that we an ensure that the images of the balls of A form up to a single
ell whih has moreover as olletion of maximal balls preisely the olletion of the
images of the maximal balls in A (f. Proposition 3.12). In partiular, g(A) is a ell
with a ertain enter d. Then, roughly, distanes between points in A are ompared
to distanes to c and similarly in the range of g, using the enter d. A alulation
based on this omparison of distanes and the Jaobian property then nishes the
one variable ase. Atually, these arguments also show that the analogue statement
for subanalyti families of funtions gy : Xy ⊂ Qp → Qp (instead of for individual
subanalyti funtions) holds. Suh families are used in the several variable ase for
the indution argument.
In the two variables ase, we obtain a result vaguely reminisent of real partitions
into L-regular ells. Let g : X ⊂ Q2p → Qp be loally Lipshitz ontinuous with
some onstant C. Roughly, we partition the familyXx1 := {x2 | x ∈ X} into nitely
many families of ells Ax1 ⊂ K with enter c and boundaries α and β now depending
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on x1. We show that, after possibly swithing the role of x1 and x2, we an ensure
that the enter c is Lipshitz ontinuous in x1 (see Proposition 2.4). By a pieewise
bi-Lipshitz transformation, we may then assume that the enter is identially zero
for eah of the ells. This is already an important redution, but the obstales due to
the lak of a good notion of paths and integrals to ontrol distanes remain. Instead
of working with paths as is done in the real ase, we work with a nite sequene
of points with given starting point and endpoint, and one ould understand suh a
nite sequene of jumps from one point to the next as a p-adi analogue of a real
path. For suh a sequene of jumps to be of use, the following is required: after
eah jump, one should still stay in the same ell so that one an still evaluate the
funtion g, the total (umulative) distane of the jumps should be omparable to
the distane between the starting point and the endpoint, and the funtion should
not vary too muh at eah jump so that one an ontrol |g(a)− g(b)| for any jump
from a to b in the sequene. This is done in the two variable ase as follows. Let
a and a′ be given in A. Either α(x1) has bounded derivative, and then we an use
indution for the one-variable funtion x1 7→ g(x1, α(x1)) and roughly jump from
a to (a1, α(a1))), then to (a
′
1, α(a
′
1))) and nally to a
′
. In the at rst sight more
diult ase where α(x1) has large derivative, we invert the role of x1 and x2 in
the parametrization of the funtion f(x1, α(x1)), namely, we essentially work with
the one-variable funtion x2 7→ f(α
−1(x2), x2) and use indution for this funtion
and then roughly make similar jumps as before: from a to (a1, α(a1))) = (α
−1(b), b),
then to (α−1(b′), b′) = (a′1, α(a
′
1))) and nally to a
′
, for some b, b′ ∈ Qp. This path
allow us to bound |g(a)−g(a′)| in terms of |a−a′| as needed for Lipshitz ontinuity,
uniformly in a and a′ in the ell. Of ourse, some ne tuning is required in order to
guarantee injetivity before one starts inverting funtions like α, whih is provided
e.g. by Corollary 3.7. As already indiated, the bulk of the paper is onerned with
a xed nite eld extension K of Qp. We onlude the paper by extending our main
theorem to elementary extensions of K, see Proposition 4.2.
.  This paper arose from our work [3℄ whih provides p-adi analogues of real
results in [17℄, [6℄, [7℄, (see also [8℄ for a multidimensional version), and of omplex
results in [21℄. The main result of the present paper, Theorem 2.1, is used in [3℄ to
prove the existene of distinguished tangent ones of denable sets and to establish
the p-adi ounterpart of Thie's formula of [21℄.
.  During the preparation of this paper, the authors have been partially supported
by grant ANR-06-BLAN-0183.
1. Basi terminology and results
1.1.  Let K be a xed nite eld extension of Qp, the eld of p-adi numbers.
Write OK for the valuation ring of K and MK for the maximal ideal of OK . We
denote by ord : K× → Z the valuation and we set |x| := q−ord(x) and |0| = 0, with
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q the ardinality of the residue eld of K. For a tuple x ∈ Kn, we write |x| for
maxni=1 |xi|.
A ball in K is a subset of the form a+ bOK with a ∈ K and b in K
×
. Note that
in this terminology, a ball is always a nonempty, open, proper subset of K.
Let πK be a uniformizer of OK . For eah integer n > 0, let acn : K → OK/(π
n
K)
be the map sending 0 to 0 and nonzero x to xπ
−ord(x)
K mod (π
n
K).
The language L is, onsequently in the whole paper, either the subanalyti (as in
e.g. [14℄) or the semi-algebrai language on K (Maintyre's language), with oe-
ients (also alled parameters) from K. Hene, L-denable means either subanalyti
or semi-algebrai with parameters fromK onsequently throughout the paper, whih
orresponds to the set-up of [3℄.
1.2. Denition.  Given two metri spaes (X, dX) and (Y, dY ), where dX de-
notes the metri on the set X and dY the metri on Y , a funtion f : X → Y is
alled Lipshitz ontinuous if there exists a real onstant C ≥ 0 suh that, for all x1
and x2 in X ,
dY (f(x1), f(x2)) ≤ CdX(x1, x2).
In the above ase, we also all f Lipshitz ontinuous with onstant C, or just C-
Lipshitz ontinuous. If there is a onstant C suh that loally around eah x ∈ X
the funtion f is C-Lipshitz ontinuous, then f is alled loally Lipshitz ontinuous
with onstant C, or just loally C-Lipshitz ontinuous.
In this paper, the metris ome from the p-adi norm on the spaes Kn. For
general K-analyti funtions (whih are not neessarily L-denable) on an open
domain in Km, there is a general link between bounded partial derivatives and loal
Lipshitz ontinuity, as follows.
1.3. Lemma (Lemma 1.4.6 of [3℄).  Let X ⊂ Km be open and let f : X → K
be K-analyti, meaning that loally, f is given by onverging power series over K.
Suppose that
|∂f(x)/∂xi| ≤ 1
for all i = 1, . . . , m and all x in X. Then f is loally Lipshitz ontinuous with
onstant 1.
If f is merely C1 one has to be more areful, even for one variable funtions (f.
Example 1.5). The next proposition is about L-denable C1 funtions on an open
X .
1.4. Proposition.  Let X ⊂ Km be open and L-denable and let f : X → K be
L-denable. Suppose that f is C1, and that
|∂f(x)/∂xj | ≤ 1
for all x in X and for all j = 1, . . . , m. Let {Xi}i be any nite partition of X
into L-denable parts whih are K-analyti manifolds on whih f is K-analyti
(suh partition always exists). Then the restrition of f to Xi is loally Lipshitz
ontinuous with onstant 1 for eah i.
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Moreover, the same results hold for L-denable families of open Xy ⊂ K
m
and
C1 funtions fy : Xy → K, where y runs over an L-denable set Y .
Note that in Proposition 1.4, the Xi need not be open in K
m
, hene they are
dierent from the situation of Lemma 1.3.
Proof.  That suh a nite partition exists follows from the Cell Deomposition
Theorem 3.3 below, but was already obtained in [11℄ without ell deomposition.
Take a point x0 on some Xi. Suppose that the manifold Xi is of dimension d. By
the impliit funtion theorem and by the non arhimedean property, there exists an
open neighborhood U of x0 in Xi and a K-bi-analyti isometry i : U ⊂ K
m → Bd
for some ball B ⊂ K. We an nish by Lemma 1.3 applied to f ◦ i−1. Exatly
the same proof works for families fy : Xy → K. Indeed, by ell deomposition and
up to a nite L-denable partition of the family Xy we may suppose that Xy is a
K-analyti manifold on whih fy is K-analyti for eah y.
1.5. Example.  Proposition 1.4 has no analogue for general C1 funtions, even
in just one variable, say, from K to K, using nite partitions. For example, write
K as a ountable disjoint union of translates of the ball MK ,
K =
⋃
i∈N
ai +MK
for some hoie of the ai ∈ K. Let f : K → K send ai + x with x ∈ MK to g(x)
where g : MK → K is dened as follows. Write MK \ {0} as a ountable union of
disjoint balls of the form b+ b3OK , that is,
MK \ {0} =
⋃
i∈N
bi + b
3
iOK
for some hoie of bi ∈ MK \ {0}. For eah integer n > 0, x one of the bi with
ord(bi) = n and all these xed bi speial. For x ∈ OK , dene g(bi+ b
3
ix) as 0 if bi is
non speial and as b2i if bi is speial and put g(0) = 0. Then g and f are C
1
and f ′
and g′ are both identially zero. Hene, one an take C arbitrarily small. However,
g is not loally C ′-Lipshitz ontinuous around 0 for any onstant C ′ > 0. Indeed,
let B be a small enough ball around 0, and take a speial bi inside B lose enough
to zero. Then, there exists a non speial bj inside B suh that
|bi − bj | = q · |b
3
i |,
with q the ardinality of the residue eld of K. On the other hand,
|g(bi)− g(bj)| = |b
2
i |.
Hene, for f , there exists no nite partition of K whih makes f loally C ′-Lipshitz
ontinuous on the piees, for any hoie of C ′.
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2. The main results
2.1. Theorem (Main theorem).  Let ε > 0 be given. Let f : X ⊂ Km → K
be an L-denable funtion whih is loally ε-Lipshitz ontinuous. Then there exist
C > 0 and a nite denable partition of X into parts Ai suh that the restrition of
f to Ai is (globally) C-Lipshitz ontinuous for eah i.
2.2. Example.  Theorem 2.1 has no analogue for general C1 funtions, even in
just one variable, say, from an open X ⊂ K to K. For example, if X is the open
OK \ {0}, and f sends x ∈ X to |x|, where the rational number |x| is seen as an
element of K, then f is learly loally onstant, but, for x1, x2 ∈ X with |x2| < |x1|
one has |f(x1)− f(x2)| ≥ |x2|
−1
whih grows to innity while |x1 − x2| = |x1| goes
to zero whenever x1 approahes zero in X .
In order to formulate a variant of Theorem 2.1 for families of funtions, the
following notation will be onvenient. For g : D ⊂ A × B → C a funtion, and for
b ∈ B, write g(·, b) for the funtion whih sends a with (a, b) ∈ D to g(a, b). The
domain of g(·, b) is thus the set {a ∈ A | (a, b) ∈ D} whih we will denote by Db.
2.3. Theorem (Main theorem: parameterized version)
Let ε > 0 be given. Let Y be an L-denable set. Let f : X ⊂ Km×Y → K be an
L-denable funtion suh that for eah y ∈ Y the funtion f(·, y) : x 7→ f(x, y) is
loally ε-Lipshitz ontinuous on Xy. Then there exist C > 0 and a nite denable
partition of X into parts Ai suh that for eah y ∈ Y and i the restrition of f(·, y)
to Aiy is (globally) C-Lipshitz ontinuous.
The following proposition ompares to the notion of L-regular ells on the real
number eld, see [16℄, whih goes bak to A. Parusi«ski [19℄, see also the more
reent [20℄. The denition of p-adi ells and their enters will be given in setion
3.
2.4. Proposition (Cells with Lipshitz ontinuous enters)
Let Y and X ⊂ Km×Y be L-denable. Then there exist C > 0, a nite partition
of X into L-denable parts A and for eah part A a oordinate projetion
π : Km × Y → Km−1 × Y
suh that, over Km−1 × Y along this projetion π, the set A is a p-adi ell with
enter c : π(A)→ K and suh that moreover the funtion
c(·, y) : (x1, . . . , xm−1) 7→ c(x1, . . . , xm−1, y)
is C-Lipshitz ontinuous on π(A)y for eah y ∈ Y .
A last, more tehnial new result in this paper is Proposition 3.12, whih, in the
one-variable ase, says that for an injetive denable funtion f one an partition
the domain and the range ompatibly into ells in some strong sense related to the
maximal balls ontained in the ells.
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3. Some results related to ell deomposition over K
For integers m > 0 and n > 0, let Qm,n be the (L-denable) set
Qm,n := {x ∈ K
× | ord(x) ∈ nZ, acm(x) = 1}.
For λ ∈ K let λ · Qm,n denote {λx | x ∈ Qm,n}. The sets Qm,n are a variant
of Maintyre's prediates Pℓ of ℓth powers; the orresponding notions of ells are
slightly dierent but equally powerful and similar in usage. Indeed, any oset of Pℓ
is a nite disjoint union of osets of some Qm,n and vie versa.
3.1. Denition (p-adi ells).  Let Y be an L-denable set. A p-adi ell A ⊂
K × Y over Y is a (nonempty) set of the form
(3.1.1) A = {(t, y) ∈ K×Y | y ∈ Y ′, |α(y)|1|t−c(y)|2|β(y)|, t−c(y) ∈ λQm,n},
with Y ′ a K-analyti L-denable manifold, onstants n > 0, m > 0, λ in K,
α, β : Y ′ → K× and c : Y ′ → K all K-analyti L-denable funtions, and i either
< or no ondition, suh that A projets surjetively onto Y ′ ⊂ Y . We all c the
enter of the ell A, λQm,n the oset of A, α and β the boundaries of A, and Y
′
the
base of A. If λ = 0 we all A a 0-ell and if λ 6= 0 we all A a 1-ell.
Note that a p-adi ell over Y is an L-denable set whih is moreover aK-analyti
manifold.
3.2. Proposition-Denition (Balls of ells).  Let Y be L-denable. Let A ⊂
K × Y be a p-adi 1-ell over Y with oset λQm,n and enter c. Then, for eah
(t, y) ∈ A with y ∈ Y , there exists a unique maximal ball Bt,y ontaining t and
satisfying Bt,y × {y} ⊂ A, where the maximality is for the inlusion. We all the
olletion of balls {Bt,y | (t, y) ∈ A} the balls of the ell A; for xed y0 ∈ Y we all
the olletion of balls {Bt,y0}{t|(t,y0)∈A} the balls of the ell A above y0. Moreover,
for eah (t, y) ∈ A one has
Bt,y = {w ∈ K | ord(w − c(y)) = a, acm(w − c(y)) = acm(λ)}
for a unique a ∈ Z depending on t and y. If A ⊂ K × Y is a p-adi 0-ell then we
dene the olletion of balls of A to be the empty olletion, that is, there are no
balls of A.
Proof.  The uniqueness of Bt,y follows from the non arhimedean property. We
prove existene of a maximal ball Bt,y ontaining t and satisfying Bt,y × {y} ⊂ A.
Choose (t, y) ∈ A. Sine the olletion of balls is preserved under translation by a
onstant, we may suppose that c(y) = 0. Then (0, y) 6∈ A sine λ 6= 0 and thus
t 6= 0. Clearly, for B1 being the ball B1 = tOK one has that B1×{y} is not a subset
of A sine B1 ontains 0. One the other hand, let B2 be the ball t + π
m
KtOK , then
learly B2 × {y} ⊂ A. Sine the value group is disrete and sine t ∈ B2 ⊂ B1, the
existene follows. In fat, Bt,y = B2 sine for any stritly bigger ball B3 ontaining
B2 there exists t
′ ∈ B3 with acm(t
′) 6= acm(t) = acm(λ). Hene, the desription for
Bt,y in the proposition follows.
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In the p-adi semialgebrai ase, Cell Deomposition Theorems are due to Cohen
[5℄ and Denef [9℄, [10℄ and they were extended in [2℄ to the subanalyti setting where
one an nd the following version:
3.3. Theorem (p-adi Cell Deomposition).  Let X ⊂ Km+1 and fj : X →
K be L-denable for j = 1, . . . , r. Then there exists a nite partition of X into
p-adi ells Ai (over K
m
) with enter ci and oset λiQmi,ni suh that
|fj(x, t)| = |hij(x)| · |(t− ci(x))
aijλ
−aij
i |
1
ni , for eah (x, t) ∈ Ai,
with (x, t) = (x1, . . . , xm, t), integers aij, and hij : K
m → K L-denable funtions
whih are K-analyti on the base of Ai, j = 1, . . . , r. If λi = 0, we use the onvention
that aij = 0. Moreover, given ℓ, n > 0, we an take the Ai suh that moreover
fj(x, t) ·Qℓ,n
for (x, t) ∈ Ai only depends on i and j (and not on (x, t)), and suh that the
restrition of fj to eah Ai is K-analyti.
3.4. Denition.  If fj and the Ai are as in Theorem 3.3, then all fj prepared on
the ells Ai. If the base of Ai is itself a ell on whih the hij(x) and the boundaries
of Ai are prepared, and so on m times, then we all Ai a full ell and we all fj fully
prepared on the Ai. It is also lear what is meant by a full ell A ⊂ K
m × Y over
some L-denable set Y , in analogy to the notion of ells over Y of Denition 3.1.
Clearly by indution on dimension (that is, on m) one an use Theorem 3.3 to
get a partition into full ells on whih the fj are fully prepared.
We formulate four basi orollaries of Theorem 3.3. The rst one was originally
proven without using Theorem 3.3 in [12℄ and [11℄.
3.5. Corollary (Denable Skolem funtions).  Let X ⊂ Kn ×Km be an L-
denable set. Then there exists an L-denable funtion f : Kn → Km suh that for
eah (x, y) ∈ X with x ∈ Kn and y ∈ Km the point (x, f(x)) lies in X.
3.6. Corollary (Uniform boundedness).  Let X ⊂ Kn ×Km be L-denable,
with n,m ≥ 0. Then there exists N > 0 suh that for all y ∈ Km with Xy := {x ∈
Kn | (x, y) ∈ X} a nite set, one has
#Xy < N.
Moreover, any disrete L-denable set A ⊂ Kn is nite.
3.7. Corollary (Injetivity versus onstany).  Let Y and X ⊂ K × Y be
L-denable sets and let F : X → K be an L-denable funtion. Then there exists a
nite partition of X into L-denable sets Xi suh that for eah y ∈ Y , the restrition
of F (·, y) : x 7→ F (x, y) to
Xiy := {x ∈ K | (x, y) ∈ Xi}
is either injetive or onstant, where this distintion only depends on i (and not on
y).
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Proof.  Let Γ ⊂ K2 × Y be the graph of F . Now let p : Γ → K × Y be the
oordinate projetion sending (x, F (x, y), y) to (F (x, y), y) and let p′ : Γ → K × Y
be the projetion sending (x, F (x, y), y) to (x, y). Apply Theorem 3.3 to Γ overK×Y
aording to p (that is, the ells have a ell-like desription in the x-variable). For
eah 1-ell Γi in the partition of Γ, the orresponding restrition of F (·, y) to p
′(Γi)y
is learly loally onstant. For eah 0-ell Γi in the partition of Γ, the orresponding
restrition of F (·, y) to p′(Γi)y is learly injetive. One ompletes the proof by
Corollaries 3.6 and 3.5.
3.8. Corollary (Cell riterion).  Let Y and X ⊂ K×Y be L-denable and let
d : Y → K be an L-denable funtion and n > 0. Suppose that for eah (t, y) ∈ X
with y ∈ Y there is a maximal ball Bt,y ontaining t suh that Bt,y×{y} is ontained
in X. Suppose further that
Bt,y = {w ∈ K | ord(w − d(y)) = bt,y, acn(w − d(y)) = ξt,y}
for some bt,y and ξt,y 6= 0. Then X is a nite disjoint union of p-adi 1-ells Ai with
enter the restrition of d to the base of Ai, and suh that eah ball Bt,y appears as
a ball above y of one of the ells Ai.
Proof.  Sine the image of acn is nite we may suppose that ξt,y is onstant. Now
the orollary follows from Theorem 3.3 and from Presburger ell deomposition
results of [1℄ in a straightforward way.
3.9. Lemma.  Let Y and X ⊂ K × Y be L-denable. Suppose that for eah
(t, y) ∈ X with y ∈ Y there is a maximal ball Bt,y ontaining t suh that Bt,y × {y}
is ontained in X. Then X is a nite disjoint union of p-adi 1-ells Ai suh that
eah ball Bt,y appears as a ball above y of one of the ells Ai.
Proof.  Note that eah ball Bt,y an be written as
(3.9.1) Bt,y = {z ∈ K | ord(z − w) = at,y, z − w ∈ Q1,1},
for unique at,y ∈ Z and for (non unique) w ∈ K. In the basi ase that for eah y in
Y the set Xy := {t ∈ K | (t, y) ∈ X} is a ball one automatially has that Xy = Bt,y
for all (t, y) ∈ X . In this basi ase dene W as
W = {(w, y) ∈ K × Y | Equation (3.9.1) holds for Bt,y and w}.
Now use Corollary 3.5 to nd an L-denable funtion d : Y → K whose graph lies
in W and use Corollary 3.8 to nish this basi ase.
In the general ase partition X into nitely many ells Xi over Y with enter
ci, oset λiQmi,ni, and base Yi by using Theorem 3.3. Up to rening the partition
{Xi} of X , we may suppose that the following distintion only depends on i when
y moves over Yi: either ci(y) lies inside Bt,y for some t, or, ci(y) lies outside Bt,y for
all t. Dene I1 and I2 suh that i ∈ I1 if and only if ci(y) lies inside Bt,y for some t,
and i ∈ I2 else. Then, for i ∈ I1 and y ∈ Yi, let B(i, y) be the ball Bt,y ontaining
ci(y) and dene
Ai := {(t, y) | y ∈ Yi, t ∈ B(i, y)}.
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Then the Ai for i ∈ I1 are as in the basi ase and an thus be treated. Put
X ′ = X \ (
⋃
i∈I1
Ai).
It is enough to prove the statement of the lemma for X ′. Fix (t, y) ∈ X ′ and hoose
i (either in I1 or in I2) suh that Bt,y ontains at least one of the balls of Xi above
y. (Suh i must exist by the non arhimedean property and the maximality of the
ourring balls.) Sine by onstrution ci(y) lies outside Bt,y for the xed (t, y),
there are bt,y ∈ Z, m ≤ mi, and λ ∈ K
×
suh that
Bt,y = {z ∈ K | ord(z − ci(y)) = bt,y, z − ci(y) ∈ λQm,ni}.
Sine there are only nitely many i, m, and osets of Qm,ni in K
×
, we an nish by
Corollary 3.8.
3.10. Denition (Jaobian property).  Let F : B1 → B2 be an L-denable
funtion with B1, B2 ⊂ K. Say that F has the Jaobian property if the following
onditions a) up to d) hold
a) F is a bijetion B1 → B2 and B1 and B2 are balls;
b) F is C1 on B1; write JacF for ∂F/∂x : B1 → K;
) ord(JacF ) is onstant (and nite) on B1;
d) for all x, y ∈ B1 with x 6= y, one has
ord(JacF ) + ord(x− y) = ord(F (x)− F (y)).
3.11. Proposition (Jaobian property for denable funtions [4℄, Setion
6)
Let Y and X ⊂ K × Y be L-denable sets, let F : X → K be an L-denable
funtion. Suppose that for eah y ∈ Y , the funtion F (·, y) : t 7→ F (t, y) is injetive.
Then there exists a nite partition of X into p-adi ells Ai over Y suh that for
eah i, eah y ∈ Y and eah ball B of Ai above y, there is a ball B
∗ ⊂ K suh that
the map
FB : B → B
∗ : t 7→ F (t, y)
is well dened and has the Jaobian property.
The following proposition is new and relies on Proposition 3.11.
3.12. Proposition (Compatible ell deompositions under a denable
funtion F )
Let X, Y , and F be as in Proposition 3.11, where in partiular F (·, y) is injetive
for eah y ∈ Y . Dene FY as the (L-denable) funtion FY : X → K×Y : (t, y) 7→
(F (t, y), y). For Ai as in Proposition 3.11, write A
′
i for the set FY (Ai). Then we
an hoose the partition of X into ells Ai over Y as in Proposition 3.11 suh that
moreover eah A′i is a p-adi ell over Y , and suh that for eah y ∈ Y and eah
ball B of Ai above y, B
∗
is a ball of A′i above y, where B
∗
is as in Proposition 3.11.
Hene, for any y ∈ Y , there is a orrespondene between the balls of Ai above y and
the balls of A′i above y.
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Proof.  Partition X into ells Xi as in Proposition 3.11. Up to this nite partition
we may suppose that X equals X1 whih we may suppose is a 1-ell. Write X
′
1 for
FY (X1). Partition X
′
1 into ells X
′
1i with enter di, oset λiQmi,ni, and base Yi by
using Theorem 3.3. For a ball B = Bt,y of A1 above y ontaining t write B
∗
t,y for the
orresponding ball B∗, as given by Proposition 3.11. Up to rening the partition
{X ′1i} of X
′
1, we may suppose that the following distintion only depends on i when
y moves over Yi: either di(y) lies inside B
∗
t,y for some t, or, di(y) lies outside B
∗
t,y
for all t. Dene I1 and I2 suh that i ∈ I1 if and only if di(y) lies inside B
∗
t,y for
some t, and i ∈ I2 else. Then, for i ∈ I1 and y in Yi, let B
∗(i, y) be the ball B∗t,y
ontaining di(y). Let B(i, y) be the ball Bt,y where t is suh that B
∗
t,y = B
∗(i, y).
By onstrution,
(3.12.1) F (B(i, y)× {y}) = B∗(i, y).
For i ∈ I1, dene
Ai := {(t, y) | y ∈ Yi, t ∈ B(i, y)}
and put A′i := FY (Ai). Apply Lemma 3.9 to Ai and A
′
i for eah i ∈ I1. Then these
Ai and A
′
i are as required by (3.12.1) and it is thus suient to prove the proposition
for the restrition of F to
X ′ := X \ (
⋃
i∈I1
Ai).
Fix (t, y) ∈ X ′ and hoose i (either in I1 or in I2) suh that B
∗
t,y ontains at least one
of the balls of X ′i above y. (Suh i must exist by the maximality of the ourring
balls.) Sine by onstrution di(y) lies outside B
∗
t,y, and sine B
∗
t,y ontains a ball of
X ′i above y, there are bt,y ∈ Z, m ≤ mi, and λ ∈ K
×
suh that
B∗t,y = {z ∈ K | ord(z − di(y)) = bt,y, z − di(y) ∈ λQm,ni}.
Sine there are only nitely many osets of Qm,ni in K
×
, the proposition follows
from Theorem 3.3 and from the Presburger ell deomposition results of [1℄ in a
straightforward way.
Further we give a orollary of Proposition 3.11 that we will not use further on.
3.13. Corollary.  Let Y be an L-denable set F : X ⊂ K × Y → K be an L-
denable funtion suh that F (·, y) is injetive for eah y ∈ Y . Then there exists a
nite partition of X into L-denable piees Xi suh that, for eah i and eah y ∈ Y ,
the restrition of F (·, y) to Xiy := {t ∈ K | (t, y) ∈ Xi} or its inverse funtion is
loally 1-Lipshitz.
Proof.  Apply Proposition 3.11 to F , yielding a partition of X into ells Ai over
Y . Now partition eah Ai into piees aording to the ondition that |∂F/∂t| is
≤ 1, resp. > 1 on the piee. On the piees where |∂F/∂t| is ≤ 1 we are done by the
Jaobian property whih holds by onstrution. On a piee where |∂F/∂t| is > 1,
the inverse of F (·, y) is loally 1-Lipshitz by the hain rule for dierentiation and
the Jaobian property whih holds by onstrution.
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Note that the dierent possibilities for the (non exlusive) disjuntions in Corol-
lary 3.13 an be supposed to depend only on i (and not on y) by taking the parts
Xi small enough. Indeed, the ourring onditions as loal 1-Lipshitz ontinuity,
injetivity, and so on, are L-denable in y ∈ Y .
4. Proofs of the main results
Theorem 2.3 and Proposition 2.4 are proved using a joint indution on m.
Proof of Theorem 2.3 for m = 1.  We are given ε > 0, Y an L-denable set, and
f : X ⊂ K × Y → K an L-denable funtion suh that for eah y ∈ Y the
funtion f(·, y) : x 7→ f(x, y) is loally ε-Lipshitz ontinuous on its natural domain
Xy := {x ∈ K | (x, y) ∈ X}. Using Corollary 3.7, we may suppose that f(·, y) is
injetive for eah y. Use Proposition 3.12 to partition X into nitely many p-adi
ells Xi over Y with enter ci. By working pieewise we may suppose that X = X1
and that X1 is a 1-ell over Y . By the Jaobian property f(·, y) is C
1
and by loal
ε-Lipshitz ontinuity,
(4.0.1) |∂f(x, y)/∂x| ≤ ε
for all (x, y) ∈ X . By the above appliation of Proposition 3.12, the set
X ′ := fY (X),
with fY : X → K × Y : (x, y) 7→ (f(x, y), y), is a p-adi 1-ell with some enter
d1. Sine a funtion g : A ⊂ K → K is C-Lipshitz ontinuous if and only if
A→ K : x 7→ g(x+ a) + b is C-Lipshitz ontinuous for any onstants a, b ∈ K, we
may thus suppose, after translating, that c1 and d1 are identially zero.
Now x y ∈ Y . Take (x1, y) and (x2, y) in X . If x1 and x2 both lie in the ball
Bx1,y, then
(4.0.2) |(∂f(x1, y)/∂x) · (x1 − x2)| = |f(x1, y)− f(x2, y)|
by the Jaobian property. By (4.0.1) we are done and an take any C ≥ ε.
Next suppose that Bx1,y and Bx2,y are two dierent balls. By our assumption
that c and d are identially zero, we an write
Bxi,y = {x ∈ K | ord(x) = axi,y, acm(x) = acmλ}
and likewise for their images under f(·, y),
B∗xi,y = {z ∈ K | ord(z) = bxi,y, acm′(z) = acm′µ}.
From these desriptions we get the inequalities:
ord(f(x1, y)− f(x2, y)) = min
i=1,2
(bxi,y)
and
min
i=1,2
(axi,y) = ord(x1 − x2)
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On the other hand by the very Jaobian property d) one has
m+ ord(∂f(xi, y)/∂x) + axi,y = m
′ + bxi,y
for i = 1, 2. Hene, putting this together with (4.0.1),
|f(x1, y)− f(x2, y)| = max
i=1,2
p−bxi,y ≤ εpm
′−mmax
i=1,2
p−axi,y = εpm
′−m|x1 − x2|
and thus one an take any C ≥ ε ·max(1, pm
′−m).
4.1. Remark.  The hain rule for dierentiation yields the following statement
for a C1 funtion f : X ⊂ K × Y → K on an open set X in the variables (t, y),
where y = (y1, . . . , ym) runs over an open Y ⊂ K
m
and t over K. Suppose that the
funtion f(·, y) : t 7→ f(t, y) is injetive and has C1 inverse for eah y ∈ Y . Dene
Z as {(f(t, y), y) ∈ K × Y | (t, y) ∈ X} and dene the funtion g : Z → K by
(z, y) 7→ t for the unique t with f(t, y) = z. Then one has for eah i = 1, . . . , m
∂g(z, y)
∂yi
= −
∂f(t, y)
∂yi
·
(∂f(t, y)
∂t
)−1
where z = f(t, y).
Proof of Proposition 2.4 for m using Theorem 2.3 for m− 1.
We will proeed by indution on m. For m = 1 the statement of Proposition 2.4
is trivial and hene we may suppose that m > 1. Up to a nite partition of X , we
may assume that X itself is either a 1-ell or a 0-ell over Km−1 × Y along some
oordinate projetion p : Km × Y → Km−1 × Y , say with enter c.
First suppose we are in the basi ase that, for y suh that Xy is nonempty,
the set p(X)y is not open in K
m−1
. By the indution hypotheses, we may suppose
that p(X) is a p-adi ell (over Km−2 × Y ) with enter cm−1 suh that cm−1(·, y))
is C-Lipshitz in the (relevant) variables x1, . . . , xm−2 for eah xed value of y ∈ Y ,
and so on for in total m− 1 subsequent oordinate projetions, up to the projetion
to Y . Then, after the (triangular) bi-Lipshitz ontinuous transformation where we
replae xm−1 by xm−1−cm−1 and so on m−1 times, we may suppose that the enter
of the ell p(X) is identially zero, and so on m − 1 times up to the projetion to
Y . If we still use the name p(X) for the so-obtained transformed set, there must be
a oordinate xi, for some i = 1, . . . , m − 1, whih is identially zero on p(X), and
thus we an nish by Proposition 2.4 for m− 1.
Hene, we an plae ourselves in the more interesting ase that the p(X)y are open
in Km−1 for all y ∈ Y and of ourse we may then suppose that moreover c(·, y) is C1
on p(X)y for all y ∈ Y . After reordering the variables x1, . . . , xm−1 and after nitely
partitioning p(X), we may suppose that |∂c/∂xm−1| is maximal among the |∂c/∂xi|
on the whole of p(X) for i = 1, . . . , m− 1. If |∂c/∂xm−1| ≤ 1 on the whole of p(X),
then we are done by Proposition 1.4 and Theorem 2.3 for m− 1, up to a nite par-
tition of p(X). Hene, we may further assume, up to a nite partition of p(X), that
1 < |∂c/∂xm−1| on the whole of p(X). Using Corollary 3.7 and up to a further nite
partition of p(X), we may furthermore suppose that c(x1, . . . , xm−2, ·, y) is injetive
for eah (x1, . . . , xm−2, y). Now partition p(X) again, as follows. Use Proposition
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3.12 for the map c(x1, . . . , xm−2, ·, y) to partition p(X) into nitely many p-adi ells
Ai over K
m−2 × Y , along the projetion (x1, . . . , xm−1, y) 7→ (x1, . . . , xm−2, y). Up
to suh a nite partition of p(X), we may suppose that p(X) = A1 and that A1 has
enter c1.
First we treat the more simple ase that X is a 0-ell over p(X). In this ase
we simply invert the role of xm and xm−1 in the build-up of the ell X as fol-
lows. Write d(x1, . . . , xm−2, ·, y) for the inverse funtion (c(x1, . . . , xm−2, ·, y))
−1
of
c(x1, . . . , xm−2, ·, y). Then X is also a 0-ell over K
m−1 × Y along the projetion p′
sending (x1, . . . , xm, y) to (x1, . . . , xm−2, xm, y) with enter d. Sine d is onstruted
as an inverse funtion and if we reall the dierentiation rule for inverse funtions
and Remark 4.1, it is lear that all partial derivatives ∂d/∂xi for i = 1, 2 . . . , m−2, m
are bounded in norm. We are done by Proposition 1.4 and Theorem 2.3 for m− 1,
up to a nite partition of p′(X).
Finally, we treat the most interesting ase that X is a 1-ell. For 1 ≤ i ≤ m
and a ∈ Km write aˆi for (a1, . . . , ai). Fix (a, y) in X . Let Ba,y be the unique ball
(of the ell X) above (aˆm−1, y) whih ontains am. Further, let B
0
a,y be the unique
ball of the ell p(X) that ontains am−1 and lies above (aˆm−2, y). By the previous
appliation of Proposition 3.12 for the map c(x1, . . . , xm−2, ·, y), the image of B
0
a,y
under c(aˆm−2, ·, y) is a ball B
0∗
a,y and one has moreover desriptions, uniformly in
(a, y) in X ,
Ba,y = {xm | ord(xm − c(aˆm−1, y)) = ba,y, acn(xm − c(aˆm−1, y)) = acnλ}
B0a,y = {xm−1 | ord(xm−1 − c1(aˆm−2, y)) = b
0
a,y, acn′(xm−1 − c1(aˆm−2, y)) = acn′λ
′}
and
B0∗a,y = {z | ord(z − e(aˆm−2, y)) = b
0∗
a,y, acn′′(z − e(aˆm−2, y)) = acn′′λ
′′},
for some nonzero onstants λ, λ′, λ′′, n, n′, n′′ oming from the desriptions of the
ells, where e is the L-denable funtion as given by the previous appliation of
Proposition 3.12, and where ba,y only depends on the ball Ba,y, and similarly b
0
a,y
only depends on B0a,y and b
0∗
a,y only on B
0∗
a,y.
We will ompare sizes of balls, where we all a ball B1 stritly bigger in size than
a ball B2 if a translate of B2 is stritly ontained in B1 and we say that B1 and B2
are equal in size of a translate of B1 equals B2. By partitioning p(X) further we
may assume that we are in one of the following two ases.
Case 1. The ball Ba,y is bigger or equal in size than B
0∗
a,y for all (a, y) in X.
Case 1 is equivalent to b0∗a,y ≥ n − n
′′ + ba,y for all (a, y) in X . Also, Ba,y does
not depend on am−1 when am−1 runs over B
0
a,y, but the enter c itself may of ourse
depend nontrivially on xm−1. We will replae the enter c by another enter whih
depends trivially on xm−1, as follows. By onstrution c(aˆm−1, y) lies in B
0∗
a,y and
the set B0∗a,y is desribed above. By this desription, e is a kind of approximation
of c and is thus a andidate to beome the new enter instead of c, whih we show
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indeed to work as follows. Let ℓ be max(n, n′′). Partition X into nitely many parts
where acℓ(xm− e(aˆm−2, y)) is onstant. Next, apply Corollary 3.8 to eah suh part
to obtain a partition of X into nitely many ells Ai with enter the restrition of
e to the base of Ai (Corollary 3.8 an be applied beause ℓ is well hosen). Hene,
up to this nite partition we an suppose that the enter of the p-adi ell X does
not depend on the variable xm−1. With this new situation, we an go bak in the
proof and start reordering the variables x1, . . . , xm−1 and nitely partitioning p(X)
suh that |∂c/∂xm−1| is again maximal among the |∂c/∂xi| on the whole of p(X)
for i = 1, . . . , m−1, as we did above. After nitely many reursions, we will not fall
into Case 1 anymore. Indeed, if the |∂c/∂xi| are ≤ 1 then we are in a ase treated
above and so on.
Case 2. The ball B0∗a,y is stritly bigger in size than Ba,y for all (a, y) in X.
Case 2 is equivalent to n+ ba,y > n
′′ + b0∗a,y for all (a, y) in X and implies
(4.1.1) Ba,y ⊂ B
0∗
a,y for all (a, y) ∈ X .
By onstrution, we an onsider the inverse funtion of c(aˆm−2, ·, y). Write
d(aˆm−2, ·, y) for the inverse funtion of c(aˆm−2, ·, y). Then the domain of d(aˆm−2, ·, y)
ontains in partiular the ball Ba,y by (4.1.1) and hene, we an apply d(aˆm−2, ·, y)
to xm for any point (aˆm−2, xm−1, xm, y) in X . Partition X into nitely many parts
where acℓ′(xm−1 − d(aˆm−2, xm, y)) is onstant for some suiently large ℓ
′
. Sine
ℓ′ is suiently large and by the Jaobian property whih holds by the previous
appliation of Proposition 3.12, we an apply Corollary 3.8 to eah suh part to
obtain a partition of X into nitely many p-adi ells Ai with enter the restrition
of d to the base of Ai. Up to this partition, we may suppose that X is a p-adi ell
over Km−1×Y along the projetion p′ sending (x, y) to (xˆm−2, xm, y) with enter d.
Sine d is onstruted as an inverse funtion and if we reall the dierentiation rule
for inverse funtions and Remark 4.1, it is lear that all partial derivatives ∂d/∂xi
for i = 1, 2, . . . , m− 2, m are bounded in norm. Hene we an nish by Proposition
1.4 and Theorem 2.3 for m− 1, up to a nite partition of p′(X).
Proof of Theorem 2.3 for m > 1, using Proposition 2.4 for m.
We proeed by indution on m, where the ase m = 1 is proven above in this
setion. We are given ε > 0, an L-denable set Y and an L-denable funtion
f : X ⊂ Km × Y → K suh that for eah y ∈ Y the funtion f(·, y) : x 7→ f(x, y)
is loally ε-Lipshitz ontinuous. Merely to ensure later on that partial derivatives
are well dened when they will appear, we may now already suppose that the Xy
are K-analyti manifolds on whih f(·, y) is K-analyti for eah y ∈ Y , but we
will not neessarily maintain this property throughout the proof for the parts of
upoming partitions. Use the notation xˆ for (x1, . . . , xm−1) and similarly for tuples
a = (a1, . . . , am) in K
m
for whih aˆ = (a1, . . . , am−1). By Theorem 2.3 for m−1 and
up to a nite partition of X , we may suppose that for eah (a, y) = (a1, . . . , am, y)
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in X eah of the funtions
(4.1.2)
f(·, ai, ·, y) : (x1, . . . , xi−1, xi+1, . . . , xm) 7→ f(x1, . . . , xi−1, ai, xi+1, . . . , xm, y)
is C-Lipshitz ontinuous. By Theorem 3.3 we may suppose that X is a ell over
Km−1×Y , say, with enter c, along a oordinate projetion p : X → Km−1×Y . By
Proposition 2.4 for m, we may suppose that c(·, y) is C-Lipshitz ontinuous in xˆ for
eah y ∈ Y . Up to a nite partition of p(X), we may suppose by Theorem 2.3 for
m−1 that, for eah xed values of am and y, the funtion xˆ 7→ f(xˆ, am−c(xˆ, y), y) is
C-Lipshitz ontinuous. Hene, if we perform the bi-Lipshitz transformation whih
replaes xm by xm − c(xˆ, y) but whih preserves the other oordinates, then we see
that we may suppose that:
(∗) X is a ell over Km−1 × Y whose enter is identially zero, the funtion
f(·, am, y) is C-Lipshitz ontinuous in xˆ for eah am ∈ K and y ∈ Y , and
for all xed xˆ, y, the funtion f(xˆ, ·, y) is also C-Lipshitz ontinuous in xm.
In the simple ase that X is a 0-ell over Km−1 × Y , we an nish by Theorem 2.3
for m − 1, sine the xm-oordinate is identially zero on X and an be negleted.
Next suppose that X is a 1-ell. Let (a, y) and (a′, y) be given in X . If |am| = |a
′
m|,
then the point (aˆ, a′m, y) also lies in X by the denition of ells and sine the enter
of X is zero, and hene we an jump inside X from (a, y) to (aˆ, a′m, y) and nally
jump further to (a′, y). Calulating the images under f and ontrolling the distanes
between these points yields:
|f(a, y)− f(a′, y)|
= |f(a, y)− f(aˆ, a′m, y) + f(aˆ, a
′
m, y)− f(a
′, y)|
≤ max(|f(a, y)− f(aˆ, a′m, y)|, |f(aˆ, a
′
m, y)− f(a
′, y)|)
≤ max(C|am − a
′
m|, C|(aˆ, a
′
m)− a
′|)
= C|a− a′|,
where the rst inequality follows from the non arhimedean property, the seond
from property (∗), and the last equality follows from the denition of the norm on
Km. Let us now suppose that |am| 6= |a
′
m|, say, |a
′
m| < |am|. First suppose that
|xm| has no lower bound in X , that is, for eah (xˆ, xm, y) in X there exists x
′
m ∈ K
arbitrarily lose to 0 suh that (xˆ, x′m, y) still lies in X . Then again the point
(aˆ, a′m, y) lies in X by the denition of ells and sine the enter of X is zero. Hene
we an make the same jumps as in the previous ase and the same omputation will
hold for the same reasons. In the other ase we may suppose that for eah (b, y)
in X there is a minimal value e(bˆ, y) > 0 among the values |xm| for all xm with
(bˆ, xm, y) in X . Let α(bˆ, y) ∈ K be suh that |α(bˆ, y)| = e(bˆ, y). By Corollary 3.5
we may suppose that α is an L-denable funtion in (bˆ, y) whose graph lies in X .
Up to a nite partition we may suppose, by Proposition 2.4 for m− 1, that p(X)
is a full ell over Y whose enters are all C-Lipshitz ontinuous. If for y ∈ Y ,
Xy is not open in K
m
if nonempty, then we an an, after a natural triangular
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transformation, fore one of the oordinates xi for i = 1, . . . , m to be 0 on X , as in
the proof of Proposition 2.4. Hene in this ase, we are again done by Theorem 2.3
for m− 1. Thus, we may suppose that Xy is open in K
m
for eah y.
Up to a nite partition of p(X) and by Proposition 1.4, we may suppose that we
are in one of the two following ases.
Case 1. The funtion α is loally C-Lipshitz ontinuous on p(X)y for
eah y ∈ Y .
Case 1 implies that the funtions xˆ 7→ f(xˆ, α(xˆ), y) are also loally C ′-Lipshitz
ontinuous for some C ′. By Theorem 2.3 for m − 1 and up to a nite partition of
p(X) we may suppose that, for all y,
(4.1.3) xˆ 7→ f(xˆ, α(xˆ), y)
is C-Lipshitz ontinuous on the whole of p(X), possibly by replaing C by some
bigger onstant as allowed. Omitting y out of the notation, we will jump from a to
(aˆ, α(aˆ)), jump further to (aˆ′, α(aˆ′)), and nally to a′, where aˆ′ of ourse stands for
(a′1, . . . , a
′
m−1). We ompute, still omitting y out of the notation,
|f(a)− f(a′)|
= |f(a)− f(aˆ, α(aˆ)) + f(aˆ, α(aˆ))− f(aˆ′, α(aˆ′)) + f(aˆ′, α(aˆ′))− f(a′)|
≤ Cmax
(
|am − α(aˆ)|, |(aˆ, α(aˆ))− (aˆ
′, α(aˆ′))|, |α(aˆ′)− a′m|
)
= C|a− a′|,
where the inequality holds by the C-Lipshitz ontinuity of the funtion (4.1.3) and
by property (∗), and the last equality holds by properties of the non arhimedean
norm on Km and the fats that |am| 6= |a
′
m| and |α(aˆ)| ≤ |am| and |α(aˆ)| ≤ |a
′
m|.
Case 2. | ∂α
∂xi
| > 1 on p(X) for some i < m.
We may further suppose that for a ertain j, |∂α/∂xj | is maximal among the
|∂α/∂xi| on the whole of p(X). For notational simpliity, suppose that j = m − 1
(the ase j < m − 1 is only notationally dierent). Hene, by Corollary 3.7 and
Proposition 3.11 we may suppose that
α(xˆm−2, ·, y)
is injetive and C1 with C1 inverse for eah (x, y) ∈ X . Let β(xˆm−2, ·, y) be the
inverse of α(xˆm−2, ·, y). We will make exatly the same jumps as in ase 1, and
establish exatly the same series of inequalities, but these inequalities will hold for
dierent reasons as in ase 1. Write xˆm−2 for (x1, . . . , xm−2). By Remark 4.1, by the
dierentiation rule for inverse funtions, and by the above supposition that f(·, y) is
K-analyti on Xy for eah y (whih still may be supposed to hold here), the funtion
F : (xˆm−2, xm, y) 7→ f(xˆm−2, β(xˆm−2, xm, y), xm, y)
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has bounded partial derivatives along xi for i = 1, . . . , m−2, m, on its natural domain
X ′ ⊂ Km−1× Y (where X ′y is also open for eah y, hene the partial derivatives are
well dened on X ′y). By Proposition 1.4 and Theorem 2.3 for m − 1, after a nite
partition of p(X) (and hene of X ′), we may suppose that F (·, y) is C-Lipshitz
ontinuous on X ′y for eah y. Write d for α(aˆm−1, y) and d
′
for α(aˆ′m−1, y). Now we
an ompute, sine (aˆm−1, d, y), y) = (aˆm−2, β(aˆm−2, d, y), d, y) and again omitting y
from the notation,
|f(a)− f(a′)|
= |f(a)− f(aˆm−1, d) + f(aˆm−2, β(aˆm−2, d), d)−
f(aˆ′m−2, β(aˆ
′
m−2, d
′), d′) + f(aˆ′m−2, β(aˆ
′
m−2, d
′), d′)− f(a′)|
≤ Cmax
(
|am − d|, |(aˆm−2, β(aˆm−2, d), d)− (aˆ
′
m−2, β(aˆ
′
m−2, d
′), d′)|, |d′ − a′m|
)
= C|a− a′|,
where we have used that F (·, y) is C-Lipshitz ontinuous for eah y (instead of the
Lipshitz ontinuity of (4.1.3) used in ase 1) but further similar reasons as in ase
1. Indeed, the above equations and inegalities have exatly the same meaning as
in ase 1, they are only written dierently to make it apparent that the Lipshitz
ontinuity of F (·, y) an be used.
Elementary equivalent elds.  We onlude with an analogue of Theorem
2.3 for p-adially losed elds. Let K1 be a eld whih is elementary equivalent to
K in the language L. Then K1 is a valued eld and we write OK1 for its valuation
ring. One uses the norm notation | · | for the natural map from K to the ordered
multipliative semi-group Γ1 := K1/(O
×
K1
). Using this norm, for rational C > 0,
one an take the obvious denition for Lipshitz ontinuity with onstant C. More
generally, for nonzero C in the divisible hull of Γ1, there is a natural notion of
Lipshitz ontinuity with onstant C. Note that in the following result we an take
C to be a rational number, whih is stronger than allowing nonzero C from Γ1.
4.2. Proposition.  Let a rational number ε > 0 be given. Let f : X ⊂ Km1 ×Y →
K1 be an L(K1)-denable funtion (that is, L-denable with parameters from the
eld K1) suh that for eah y ∈ Y the funtion f(·, y) : x 7→ f(x, y) is loally ε-
Lipshitz ontinuous on Xy, where also Y is L(K1)-denable. Then there exist a
rational number C > 0 and a nite partition of X into L(K1)-denable parts Ai suh
that for eah y ∈ Y and i the restrition of f(·, y) to Aiy is (globally) C-Lipshitz
ontinuous.
Proof.  (The proof uses a standard tehnique for using results like Theorem 2.3
whih hold for denable families.) In both the L(K1)-formulas ϕX and ϕf desribing
X and f there appear only nitely many parameters from K1, say r1, . . . , rs ∈ K1.
Replae these parameters r1, . . . , rs by new variables, say z1, . . . , zs (that is, the
zi do not yet play a role in the formulas ϕX and ϕf). Let the tuple of variables
z = (z1, . . . , zs) run over K
s
1. The obvious variants of ϕX and ϕf , with the ri
replaed by the zi, are of ourse interpretable in the standard p-adi eld K itself.
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Now it is an exerise to onstrut L-denable families X˜y˜ ⊂ K
m
of sets and funtions
f˜y˜ : X˜y˜ → K, for some suitable parameter y˜ (ontaining in partiular the z-tuple),
whih fall under the onditions and thus the onlusion of Theorem 2.3 in suh a
way that Proposition 4.2 follows when one lls in the values ri bak in for zi.
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